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Random vibration, high-cycle fatigue problems in thin-skinned structures are of concern to the U.S. Air Force.
Therefore, the U.S. Air Force is interested in availablemethods used to approximatethe response and fatigue life of
aircraft structures exposed to random vibration loading,notably those exhibiting geometric nonlineareffects. The
purpose of this investigation is to examine and compare the fatigue life estimates of a fully clamped aluminumplate
under the in� uence of randomelectrodynamicshaker loading.The experimental strain probabilitydensity function
was generated using the rain � ow cycle counting technique, and the resulting fatigue estimates were compared
with spectral-based � nite element analysis (FEA) and experimental random response fatigue estimates (Anzai,
Hiroyuki, “Algorithm of the rain� ow method,” The InternationalSymposium on Fatigue Damage Measurement and
Evaluation under Complex Loading, OND Sokkic, Ltd., July 1991; Bannantine, J. A., Comer, J. J., and Handrock,
J. L., Fundamentals of Metal Fatigue Analysis, Prentice–Hall, Inc., Upper Saddle River, NJ, 1990, pp. 193–196).
The plate was modeled using the ABAQUS® linear random response algorithm and a modi� ed nonlinear FEA
code developed by Mei et al. of Old Dominion University (Dhainaut, J. M., Bin, D., Mei, C., Spottswood, S. M.,
and Wolfe, H. F., “Non-Linear Response of Composite Panels to Random Excitation and Elevated Temperature,”
Structural Dynamics: Recent Advances, Univ. of Southampton,U.K., 2000; Shi, Y., and Mei, C., “A Finite Element
Time DomainModalFormulationfor Large AmplitudeFree VibrationsofBeams and Plates,” Journalof Soundand
Vibration, Vol. 193, No. 2, 1996, pp. 453–464). For all scenarios the Palmgren–Miner linear damage accumulation
model was utilized (Miner, M. A., “Cumulative Damage in Fatigue,” Journal of Applied Mechanics, Vol. 67, 1945,
pp. A159–A182). This simple isotropic plate case was selected as a means for accurate assessment, as opposed to
using a more complex structure initially. Results indicate that the spectral-density-based analyses provide overly
conservative fatigue life estimates when compared with the experimental based fatigue life estimates.

Introduction

T HE probabilitydensityfunction(PDF) determinedfrom theex-
perimental time record,alongwith Miner’s cumulativedamage

theory1 and the material constants from a random stress vs cycles
to failure, or S-N curve, provided the ability to estimate the fatigue
life of the aluminum plate. Using the � nite element analysis (FEA)
random response results, the Dirlik spectral-based technique was
used to estimate the PDF from the moments of the respective ran-
dom response stress power spectral densities (PSD).2 The Miner
cumulative damage model was used, with the spectral based PDF,
to estimate the fatigue life. Finally, because the Dirlik technique is
independentof PSD input the strain responsePDF was also approx-
imated using the PSD generatedfrom the experimental time record,
as the basis for comparing the FEA-derived PDF estimates.The ex-
perimental geometric nonlinear response of thin-skinnedstructures
is well documented in the literature.3¡7 It is also known that the
nonlinearities in question, that is, peak-broadening and frequency
shifting, can be captured analytically by considering the nonlinear
stiffness.8¡11 Thus, the use of both the linear ABAQUS® and non-
linear codes allowed for a comparison of response and fatigue life
predictions, noting the effect of considering geometric nonlinear
stiffness in the analysis.
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Background
Experimental Procedure

Experimentalrandomvibrationtests were conductedon clamped,
8.0-in. (203-mm) by 10.0-in. (254-mm) by 0.061-in. (1.55-mm),
7075-T6 aluminum plates, using a 20,000-lbf electrodynamic
shaker.By electrodynamicallyexcitingtheclamping� xture,an iner-
tial loadwas impartedto theplate.The clampwas manufacturedwith
a radiusof curvatureof 4.75 mm aroundthe plate/clamp interfaceto
reduce early fatigue. The response of the plates was monitored us-
ing Measurements Group, Inc., WK-00-125AD-350 strain gauges,
labeled 1–8 displayed in Fig. 1, and a Vibra-Metrics, Inc., 1000A
piezoelectric accelerometer mounted on the shaker armature. The
strain gauges have a transverse sensitivity of ¡2.10 § 0.2%. Be-
cause the transverse strain was not experimentallymeasured along
the clamp/panel interface,an estimate of the experimentalerror was
obtained utilizing the ratio of transverse to axial strain from a non-
linear ABAQUS static analysis. Consistent discretization and el-
ements were used for both the static and dynamic study. For the
static case a transverse displacement, equal to the plate thickness,
was prescribed in the plate center. In the location of gauge 7, the
resulting transverse sensitivity error was quite small, estimated to
be ¡0.66%.

A sampling rate of 8000 samples per second was used through-
out the test effort. Two panels were fatigue tested at a target strain
level of 560 ¹" rms, measured at strain gauges 3 and 7. The corre-
sponding input acceleration level, required for that strain level, was
4.0 g2/Hz over the frequencybandwidth,100–1000Hz, or 60-g rms.
Cumulative rms strain gauge measurements for gauge 7 are shown
in Fig. 2. A 10-s time step was used to compute the rms strain values
of successively larger time records from the strain time history. As
the time record length increased, the rms strain value converged.
Figure 2 was used to determine what data record length was re-
quired for the formulation of the experimental PSD and rain-� ow
PDF. Previous studies demonstrated the wide variability of the rms
strain and resulting fatigue life estimates, prior to the convergence
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Fig. 1 Clamped 8 £ £ 10 in. 7075 T6 aluminum plate, displaying strain
gauge location (t = top; b = bottom).

Fig. 2 Strain gauge 7 cumulative rms strain time history.

of the data record.12 In a random vibration problem such as this,
stationarity is assumed in order to characterizethe PSD and PDF as
representativeof the entire load history.For this analysis a rms con-
vergence criterion of 0.1% was used, resulting in the use of the � rst
100 s of the time record. Figure 3 was used to determine the time to
failure for the aluminum panel. The panel fundamental frequency
was recorded every 60 s, and a higher-order polynomial curve was
� t to the data. For this study a 5% reduction in fundamental fre-
quency was used to determine the fatigue life of the panel. Using
the aforementionedcriterion,time to failurewas estimatedas 1270 s
for both panels. Figure 4 displays panel 2 at the end of the 30-min
test, having undergone a dye-penetrant nondestructive evaluation.
Damage in the form of cracks is evident along each of the clamped
plate boundaries.

Linear Finite Element Modeling

Modeling conducted using ABAQUS incorporated S8R5, eight-
node rectangular plate elements with an edge length of 0.1 in.
(2.54 mm). The 7075-T6-aluminumpanel material properties,used
in the FEA modeling,were a density of 0.101 lbm /in.3 (2796 kg/m3/
and an elastic modulus of 10.4E6 lbf/in.2 (71.71 GPa). Boundary
conditions for the plate are shown in Fig. 5a. Rotational stiffness,
modeled using 0-D grounded/torsional spring elements at the re-
spective clamped boundaries, was added in order to more closely
approximate the experimental natural frequencies of the plate. In
addition, structural damping was de� ned for the dominant modes
(1,1), (3,1), and (1,3), as 0.58, 0.05, and 0.25%, respectively. The
experimental random shaker input was modeled using ABAQUS
random response base motion with � at input PSDs. The linear ran-
dom responsealgorithmuses the results from a normal modes anal-
ysis step. Input levels included 0.0025 g2/Hz and the fatigue test
level of 4.0 g2/Hz, over the frequency bandwidth 100–1000 Hz.

Fig. 3 Fundamental frequency and corresponding frequency shift of
strain gauge 1 caused by the onset of damage in panel 2 (P2) and panel
3 (P3).

Fig. 4 Damaged panel 2 at the end of the 30-min test, illustrating edge
cracks at each of the clamped boundaries.

The strain time history used in the experimental data analysis was
recordedusing strain gauge 7, located at the midpoint of the 10.0 in.
edge, perpendicularto the clamp, as shown in Fig. 5a. Similarly, the
FEA strain responsewas measured in the x direction, relative to the
coordinate system also depicted in Fig. 5a.

Nonlinear Finite Element Formulation/Modeling

Modeling using the nonlinear FEA code was conducted using
four-node, 24-degree-of-freedom(DOF) C1 rectangular plate ele-
ments, where C1implies interelement continuity for the DOF and
its � rst derivatives.13 Instead of clamped boundary conditions, ro-
tational stiffness was added to the linear stiffness matrix to better
approximate the experimental test conditions. The same material
properties as those used in the linear model were also used in this
model. A brief summary of the geometric nonlinear development
follows, with a complete derivation outlined by Mei et al.8;9 The
governingnonlinearequationsof motion were originallydeveloped
for a laminatedcompositeplate subjectedto both thermaland acous-
tic loads. For the purposes of this comparison, inertial loading was
used in the place of acoustic loading. Furthermore, all testing was
conductedat ambient conditions; therefore, the thermal loading de-
rivedby Mei et al.was neglected.8;9 What follows is a briefoverview
of the strain-displacement and constitutive relations. Von Kármán
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a)

b)

Fig. 5 Boundary conditions for a) ABAQUS and b) nonlinear, 1
4 -plate

model.

strain-displacementrelations are expressed as follows:
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where f"0
m g and f"0

bg are the strain components corresponding to
the in-plane and transverse de� ection. The laminate constitutive
equations, relating the resultant forces and moments to the strain
expressions, are expressed as
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where [A], [B], and [D] are the elastic in-plane, extension-
bending, and � exural rigidity stiffnessmatrices, respectively.Using
Hamilton’s principleand the � nite element formulation,the element
nonlinear equations of motion, indicated in lowercase letters, were
expressed as
µ

[mb] 0

0 [mm]

¶ »
f Rwbg
f Rwmg

¼
C

³µ
[kb] [kB ]£
kT

B

¤
[km ]

¶´ »
fwbg
fwmg

¼

C
³µ

[k1 Nm C k1 NB] [k1 bm]

[k1 mb] 0

¶
C

µ
[k2b] 0

0 0

¶´

£
»

fwbg
fwmg

¼
D

»
fp.t/g

0

¼

(3)

where [m] and [k] are the element mass and linear stiffness ma-
trices, fwm g is the in-plane nodal vector, and fwbg the transverse

displacement nodal vector.8;9 Matrices [k1] and [k2] correspond to
� rst- and second-ordernonlinear stiffness terms. The subscripts B,
Nm, and NB refer to the stiffness contributions that correspond
to the laminate extension bending [B] and in-plane force compo-
nents de� ned in Eq. (2). Because an isotropic specimen was stud-
ied, the laminate coupling stiffness matrices [kB] D [k1 NB] D 0 and
extension-bending matrix [B] D 0. As already discussed, the load
vector f p.t/g represents the time varying inertial loading. Assem-
bling the elements for the plate model and applying the kinematic
boundary conditions, the system equations of motion in structural
node DOF were expressed as

[M]f RW g C .[K ] C [K1] C [K2]/fW g D fP.t/g (4)

where [M], [K ], and fP.t/g denote the system mass, linear stiffness
matrices, and inertial load or base acceleration vector, respectively,
whereas [K1] and [K2] denote the � rst- and second-order nonlin-
ear stiffness matrices, which depend linearly and quadratically on
the relative displacement fW g.8;9 Because the specimen of concern
was excited using base motion, the inertial load vector fP.t/g was
de� ned as

fP.t/g D ¡[M]fRzg (5)

where fRzg is the base accelerationvectorand [M] is the system mass
matrix.

After neglecting the membrane inertia term f Rwmg, solving for
fwm g, and substituting the resulting expression back into Eq. (3),
the system equations of motion, indicated in capital letters, were
expressed in terms of the relative transverse displacement vector
fwbg as

[Mb]f RWbg C .[Kb]/fWbg C [K1 Nm]fWbg

C
¡
[K2b] ¡ [K1 bm][Km]¡1[K1 mb]

¢
fWbg D fP.t/g (6)

Mei et al. transformedthe system equationsof motion from physical
intomodalcoordinates.This step increasescomputationalef� ciency
by signi� cantly reducing the number of DOF.8;9 This was accom-
plished using the following modal transformation:

fWbg D
nX

r D 1

qr .t/fÁbg.r/ D [8]fqg (7)

where r is the number of retained linear modes and fÁbg.r/ is the
normal mode of the system linear vibration solution. Finally, after
completing the modal transformationand introducingmodal damp-
ing »r the system equations of motion reduce to a set of nonlinear,
coupled modal equations:

[ NM ]f Rqg C 2»r !r
NMr [I ]f Pqg C .[ NK L ] C [ NKqq ]/fqg D f NPg (8)

where [ NM] is the modal mass matrix, [ NK L] is the linear stiffnessma-
trix, [ NKqq ] is cubic in fqg, and f NPg is the modal random inertial load
vector. The solution, in the form of the relative transverse displace-
ment, was determined using experimentalacceleration time-history
input and a Runge–Kutta numerical integration scheme. The time
step used in the nonlinearanalysisnumerical integration,1.25E-4 s,
was limited by the experimental sampling rate.

Fatigue Life Estimates

The Miner linear damage accumulation model was selected to
characterize the fatigue life of the 7075-T6 aluminum plate speci-
mens and is expressed in the following equation:

Nt D
µ X P.S/

N

¶¡1

(9)

where Nt is the total number of cycles to failure, P.S/ is the peak
stress probability density function, and N is the total number of
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cycles to failure at incremental constant amplitude strain levels.14

Expressing Eq. (9) in terms of hours results in the following:

t.s/ D
»µ X P.S/

N

¶
fc

¼ ¡1

(10)

where N is the total number of cycles to failure at a speci� ed stress
level and fc is the cyclic frequency. For a single mode case the
cyclic frequency is taken to be the natural frequency being excited.
For a multimodal case, as in this analysis, the multimodal cyclic
frequency fcm was taken to be the ratio of the number of peaks in
the respective time-historyrecord, to the sample time.14 "-N or S-N
reverse bending curves on a log-log plot are characterized linearly
using the following expression:

S D [K=N ]® (11)

where K and ® are material propertyconstants.Finally, substituting
Eq. (11) into (10) and using the multimodal cyclic frequencyyields
the following relation:

t .s/ D
»µ X P.S/

K =.S/1=®

¶
fcm

¼ ¡1

(12)

where the fatigue life in seconds is de� ned in terms of the stress S
and the material properties K and ®.

The Dirlik techniqueis an attempt to estimatea PDF directlyfrom
the stress spectral density output.2 It is an empirical tool used to
estimate the fatigue life without the need for peak or cycle counting
and thereforecan be used in conjunctionwith � nite element analysis
to estimate directly fatigue life. This techniqueuses the moments of
a PSD, where the i th moment of the PSD is de� ned as follows:

m i D
Z 1

0

f i ¢ G. f / d f (13)

m i is the i th moment, f is frequency,and G. f / is the power spectral
density function. The rms of the response is de� ned as

rms D
p

m0 (14)

where m0 is the zeroth moment. The peak rate, or peaks per unit
time, is de� ned as

E .P/ D
p

m4=m2 (15)

where m2 and m4 are the second and fourth moments, respectively.
The Dirlik probability density function for rain-� ow ranges is de-
� ned, in terms of the normalized stress parameter Z , as follows:
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S is the stress range, and ° , the irregularity factor, is the ratio of the
expectednumberof zero crossings to the expectednumberof peaks.
The irregularity factor varies between 0 and 1, where 1 signi� es a

narrowband response and 0 a wide-band response. Given the prob-
ability density function of stress ranges P.S/, the fatigue life is
estimated using Eq. (12) with the following substitutions:

t.s/ D
»µ X P.S/

K =.S/1=®

¶
E.P/

¼ ¡1

(18)

Results and Discussion
The boundary conditions for the ABAQUS and nonlinear FEA

models are shown in Figs. 5a and 5b. A 6 £ 6 mesh, 1
4
-plate model,

utilizingsymmetryand theaforementioned“relaxed”boundarycon-
ditions, was used in the nonlinear analysis. The mesh re� nement
was consistent with previous analyses conducted with this nonlin-
ear technique.8 Note the comparison between the theoretical and
analytical natural frequencies for a simply supported panel with
the respective discretization, exhibited in Table 1. The differences
between the nonlinear and theoretical results were deemed an ac-
ceptabletradeoffbetweenaccuracyand the reduced-order,nonlinear
analysiscomputationaltime. The � rst three symmetric mode shapes
were used in the nonlinear analysis to transform the equations of
motion from physical to modal coordinates. Figures 6a–6c depict
the (1,1), (3,1), and (1,3) mode shapes. Both the linear and nonlin-
ear FEA algorithm with torsional boundary conditions resulted in
the (1,1), (3,1), and (1,3) mode shapes occurring at 220, 711, and
1000 Hz, respectively. The value of the torsional spring constant
was determined by equating the FEA and experimental fundamen-
tal frequencies.

Strain response for the FEA and experimental analysis is shown
in Figs. 7 and 8 for the baseline and fatigue excitation cases, 0.0025
and 4 g2/Hz, respectively. As already mentioned, the � rst 100 s
of the data record were used to generate the experimental PSDs.
The accelerometer installed on the shaker armature provided the
acceleration time-history input for the nonlinear FEA program of
Mei et al.8;9 Eight seconds of accelerometer time-history data were
used in the nonlinear analysis with a time step of 1.24E-4 s using
a Runge–Kutta numerical integration scheme. The ABAQUS linear
random response was calculated using � at input accelerationPSDs
at the aforementionedbaselineand fatigue levels.The baselinecase,
Fig. 7, was used to establish the ABAQUS and nonlinear old Do-
minion University (ODU) FEA boundary conditions and structural
damping. Once the model was tuned, the boundary conditions and
damping parameters were held constant for the fatigue test case.

Examining Fig. 8, notice the peak broadening and shifting seen
in the experimental and nonlinear FEA response. The broadening
nonlinear phenomenon results from the increasing signi� cance of

Table 1 Analytical natural frequencies for simply supported panel

Mode (1,1) (3,1) (1,3) (3,3)

Theoretical 152.46 Hz 628.41 Hz 896.14 Hz 1372.1 Hz
ABAQUS® 152.43 Hz 628.02 Hz 895.33 Hz 1370.2 Hz
ODU/nonlinear 152.78 Hz 629.23 Hz 896.83 Hz 1375.2 Hz

a) b) c)

Fig. 6 Mode a) (1,1); b) (3,1); c) (1,3).
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Fig. 7 Experimental (39.5¹" rms) vs linear (27.8¹" rms)vs nonlinear
(37.3 ¹" rms) strain frequency response to 1.5-g rms inertial load.

Fig. 8 Experimental (563¹" rms)vs linear (1113¹" rms)vs nonlinear
(737 ¹" rms) strain frequency response to 60-g rms inertial load.

the panel membrane response.10;11 In addition, notice that the lin-
ear FEA analysis does not characterize the response in this man-
ner. Subsequently, the linear FEA response at the fatigue test level
is signi� cantly greater than the experimental rms strain response.
However the nonlinearFEA analysis,cubic in the relative transverse
displacement, does exhibit this frequency broadening and shifting.
At the low-level excitation scenario the experimental, linear, and
nonlinear FEA rms strain results follow: 39.5, 27.8, and 37.3 ¹",
respectively.The linear FE analysis resulted in an estimate approxi-
mately 30% too low, whereas the nonlinearand experimentalresults
comparedquite favorably,with thenonlinearrms estimateonly5.5%
too low. The experimentaland FEA rms strain responsevalues from
the fatigue case differed signi� cantly. The experimental,ABAQUS,
and nonlinear FEA results for the fatigue loading, or the 60-g case,
were 562.9, 1113, and 737 ¹", respectively, with the linear and
nonlinear rms estimates overpredicting the response 100 and 31%,
respectively.

The PDFs resulting from the experimentaldata and � nite element
analysesaredisplayedin Fig. 9. The PDF labeled“ExperimentRain-
� ow” was calculatedusing the 100-s time recordand rain-� ow cycle
counting.The PDF labeled“ExperimentDirlik”was calculatedfrom
the moments of the experimental 100-s PSD and provided a base-

Table 2 Fatigue life estimates

Method Estimate, s

5% fundamental frequency drop 1270
Experiment rain� ow 1260
Experiment Dirlik 1394
ABAQUS Dirlik 75.27
ODU Dirlik 343.2

Fig. 9 Dirlik and rain-� ow PDFs and resulting fatigue life estimates
for 60-g rms input excitation.

line for comparing the linear and nonlinearFEA-based Dirlik PDFs
or “ABAQUS Dirlik” and “ODU Dirlik,” respectively. It should be
noted that the Dirlik approach is only applicablefor linearGaussian
processes. Using the technique for nonlinear systems was done for
comparison purposes only. The PDFs displayed in Fig. 9 were then
used with Miner’s damage accumulationmodel [Eqs. (12) and (18)]
and the material constants K D 3.89E24 and ® D 0:212 from a log-
log S-N curve to estimate the fatigue life. K and ® were derivedfrom
random vibration 9-bay stiffened panel tests, with stress monitored
in the center panel along the midpoint of the long span rivet line.15

The resultingestimates are displayedboth in Fig. 9 and Table 2. Ex-
aminingFig. 9, there are severalconclusionsthat can be made. First,
there is good correlation between the experimental results and the
experimental-based fatigue life predictions, although it should be
noted that only two panels were fatigue tested. The “Experimental
Dirlik” PDF provided the most accurate approximation to the rain-
� ow results. However, the techniqueoverpredictedthe panel life by
11%. Note the disparity between the FEA PDFs and experimental-
based rain-� ow PDF life estimates. The FEA-based Dirlik PDFs
and resulting fatigue life estimates of 75.27 and 343.2 s were too
conservative compared with the experimental fatigue estimates of
1394-,1260-, and the 1270-sestimatefrom the rms fundamentalfre-
quency failure criterion, although the nonlinear FEA results were
a signi� cant improvement over the linear prediction. This was ex-
pected, because of the overly conservative FEA random response
results displayed in Fig. 8. Although the ODU analysis incorporates
the quadratic and cubic geometric nonlinear stiffness terms, the re-
sults indicate that the predicted response is overly compliant (rms
value of 737 vs the experimental 563 ¹") and also overpredicts the
panel geometric nonlinear effects at the fatigue test level. This is
noted in Fig. 8, where the response PSD peaks are broader than
the experimental results and the natural frequenciesof the panel are
signi� cantly higher than the experimentalresultsat the same fatigue
test level. Possible sources of error include the already mentioned
transverse strain gauge sensitivity,as well as the chosen experimen-
tal sampling rate. The choice of sampling rate resulted in the use
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of only a single numerical integration time step. Finally, tradeoffs
were made between mesh re� nement and computationaltime when
considering the nonlinear analysis.

Conclusions
Results show that all of the experimental PDF-based fatigue life

estimates compare well to the measured experimental time to fail-
ure of 1270 s. Furthermore, both the linear and nonlinear � nite
element analyses resulted in overly conservative estimates of the
fatigue life. Preliminary results indicate that when estimating the
fatigue life using a spectral-basedPDF technique the principal limit
to the analysis is the accuracy of the structural response prediction.
Both the linear and nonlinearFEA randomresponsecomparedwell
with the baseline loading case, although both analyses signi� cantly
overpredicted the panel strain response under fatigue loading. The
ODU � nite element analysis also overpredictedthe panel geometric
nonlinear response under fatigue loading, resulting in too great a
frequency shift and response peak broadening as compared to the
experimental results. However, the nonlinear analysis resulted in a
marked improvement in life prediction.
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